An atomic transition can be addressed by a single tooth of an optical frequency comb if the excited state lifetime (τ ) is significantly longer than the pulse repetition period (Tr). In the crossover regime between fully-resolved and unresolved comb teeth (τ Tr), we observe Doppler cooling of a precooled trapped atomic ion by a single tooth of a frequency-doubled optical frequency comb. We find that for initially hot ions, a multi-tooth effect gives rise to lasing of the ion's harmonic motion in the trap, verified by acoustic injection locking. The gain saturation of this phonon laser action leads to a comb of steady-state oscillation amplitudes, allowing hot ions to be loaded directly into the trap and laser cooled to crystallization despite the presence of hundreds of blue-detuned teeth.
The outermost valence electrons in atomic ions are tightly bound to the electron-shielded nucleus (q eff +2e), and therefore typically require laser light in the ultraviolet (UV) for Doppler cooling [1] [2] [3] [4] .
While continuous-wave (cw) laser light is challenging to produce in the UV, mode-locked (ML) lasers can be more easily converted to short wavelengths due to their high instantaneous power. This makes ML lasers attractive alternatives for working with ions, but they have more complicated spectra (optical frequency combs) that can lead to deleterious effects such as the amplification of motion instead of damping. To maximize the scattering force from the ML laser, the excited state lifetime of the cycling transition (τ ) should be comparable to the repetition period of the laser (T r ) [5] . While this makes standard, tunable ML lasers (T r ≈ (100 MHz) −1 ) well-aligned for manipulating laser-coolable trapped ion species (τ ≈ 10 ns), it violates the condition necessary for being in the fully-resolved tooth limit (τ T r ).
It is an open question whether the tooth visibility achievable with these lasers will be sufficiently robust for the cooling to overcome the amplification from the broad spectrum, particularly for initially hot ions.
Nonetheless, the promise of high UV power has already led to explorations of ML lasers as a means to laser cool species requiring light in the UV [5] [6] [7] [8] . In the "broadband laser cooling" regime (τ < T r ), Doppler cooling of a pre-cooled ion in a linear Paul trap was observed and presented with a simple theoretical model based on the shape of the single-pulse spectrum of a ML laser (as opposed to a frequency comb) [5] . The cooled radial mode of motion in that work reached a minimum temperature of 1 K and the axial mode reached a temperature 5 times lower than the radial mode. This is lower than the minimum temperature predicted by the single-pulse spectrum (T min = 3.4 K), and we show here that even in this regime (τ ≈ 1 4 T r ), comb tooth effects may have been responsible for these lower temperatures. Pre-cooled trapped ions have also been laser cooled in the resolved-tooth regime (τ > T r ) using a high-repetitionrate (1/T r = 373 MHz) frequency comb [7] . The ML laser in that work was unable to crystallize initially hot ions, and several improvements were suggested for achieving this goal, including further shortening the repetition period of the laser to suppress scattering from other teeth.
In this Letter, we show that even when the laser repetition period is significantly longer than the atomic excited state lifetime, coherent effects permit practical cooling and crystalization of hot ions. We report trap loading and frequency comb laser cooling of trapped ions in the crossover regime between the well-resolved and unresolved comb tooth limits (τ T r ), where 78% of the excited state population decays between consecutive pulses. We find that, instead of heating the ion out of the trap, the broad frequency comb gives rise to stable phonon lasing of the ion's motion [9] , an interpretation that is confirmed by the observation of injection locking of the ion's amplified mechanical oscillation [10] . Irrespective of the sign of detuning for the comb tooth closest to resonance, saturable vibrational lasing leads to a comb of stable, fixed-point oscillation amplitudes maintained by cooperative effects between red and blue detuned comb teeth. As a practical matter, the saturation of the phonon lasing mitigates the motional amplification of the blue-detuned teeth, allowing direct loading of ion traps with broad spectral coverage.
Single 174 Yb + (or 171 Yb + ) ions for this work are confined in a radio-frequency (rf) Paul trap with oblate spheroidal symmetry [11] , driven by a sinusoidal voltage at Ω rf = 2π × 48.535 MHz. The secular frequencies of motion are typically (ω x , ω y , ω z ) ≈ 2π × (550, 500, 920) kHz (±10 kHz). We illuminate the ions with laser beams that are confined to the xy-plane and ω x is the frequency of the phonon mode that lases most frequently due to the fact that it is closest to parallel to the laser propagation direction (∆θ = 23 • ± 2 • , see Fig. 1 ). Fluorescence emitted in the −z direction is collected by an imaging system and recorded on a photon-counting photomultiplier tube (PMT) and intensified CCD camera through a 369 nm bandpass filter.
The ML laser for this work is a commercial picosecond Ti:sapphire laser oscillator [12] with a repetition rate of f r = 1/T r = 81.553 MHz. The center frequency of the laser is set near 405.645 THz, and the output is frequency doubled via single-pass through a 0.8 cm LBO crystal cut for Type I phase matching for SHG of 760 nm light, generating an average UV power of around 9 mW at λ ≈ 369.5 nm. The laser bandwidth (> 10 GHz) far exceeds the natural linewidth (γ ≡ 1/τ = 2π×19.7 MHz) and Zeeman splitting (< 5 MHz) of the 2 P 1/2 ↔ 2 S 1/2 transition in Yb + . The peak ion fluorescence observed indicates that the optical power per comb tooth at the ion is ≈ 1.4 µW. For all of the experiments reported here, we simultaneously illuminate the trapped ion with the mode-locked laser at 369.5 nm and a cw repump laser at 935 nm that has no observable direct mechanical effect on the ion.
For these parameters, the probability of excited state decay between pulses (1 − e −Tr/τ ) is 78%, and each decay makes the ion insensitive to the optical phase of the next pulse, suggesting that the comb teeth will not be well resolved. Quantitatively, the quasi-steady-state scattering rate for an atom at rest illuminated by a resonant comb of uniformly intense teeth (τ pulse T r ) is given by [13] [14] [15] 
where δ is the angular detuning of a reference tooth from resonance (δ ≡ ω tooth −ω atom ) and θ is the pulse area, defined as the integral of the instantaneous Rabi frequency for a single pulse, θ ≡ dtΩ(t).
We quantify the relative importance of considering comb structure vs. the broadband (single-pulse) spectrum by the tooth visibility V ≡ (Γ max − Γ min )/(Γ max + Γ min ), where Γ min and Γ max are the minimum and maximum scattering rates as the comb is scanned over a range of ∆f = 1/T r . From Eq. 1, we find
which shows that phase-coherent, inter-pulse effects persist remarkably far into the τ < T r regime, tracking the decay of the off-diagonal elements of the density matrix (i.e. the coherences) more closely than the populations. For instance, the lifetime-limited (θ → 0) tooth visibility in this work is V = 0.77 despite the fact that more than 3/4 of the excited state population decays between pulses. Figure 1 (a) shows the 369.5 nm fluorescence collected from a trapped ion as the teeth of the optical frequency comb illuminating it are scanned. The dashed gray curve is given by Eq. 1, and has been adjusted for the overall vertical scale (with no offset) and is shown for θ = 0.38 π, which has a tooth visibility of V = 0.53. The data are taken for 100 ms of illumination per point so that the ion's motional temperature reaches steady-state for each frequency shown, and background counts (≈ 170 kcps) have been subtracted by taking the difference between the PMT signal with and without the 935 nm repump laser.
The fluorescence in Fig. 1(a) tracks the ion's (powerbroadened) rest-frame lineshape well when the nearresonant tooth is on the red side of atomic resonance (δ < 0), which is the regime in which cw-like Doppler cooling actively cools the ion's motion. As the near-resonant tooth crosses resonance and becomes blue-detuned (δ > 0), the fluorescence no longer follows the rest-frame prediction of Eq. 1, and an additional peak appears. As shown in Fig. 1(c) , the ion image in this case spreads out along a principal axis of the trap with an amplitude of x 0 = (4.9 ± 0.5) µm. This fluorescence image matches well to the classical probability distribution of a harmonic oscillator convolved with the point-spread function of our imaging system (see, e.g. Fig. 3 ), which shows that the ion is oscillating with fixed amplitude.
To model the fluorescence spectrum of an ion oscillating slowly (ω x γ) with secular amplitude x 0 , we calculate the average of the atomic scattering rate over an oscillation period in the trap. Since Ω rf > γ, we include the effects of rf micromotion as an incoherent sum over the scattering rates from secular-phase-dependent micromotion sidebands [16] , with each sideband yielding fluorescence with the functional form of Eq. 1. Defining ξ ≡ ω x t, the secular-cycle-averaged scattering rate is given by
where q ≈ 2 √ 2ω x /Ω rf is the Mathieu q-parameter for this normal mode, k is the projection of the laser's kvector on the oscillation axis, and J n [α] is the nth Bessel function of the first kind. The black curve in Fig. 1 shows the scattering rate predicted by this model (scaled for the overall signal height) with a constant oscillation amplitude of x 0 = 4.9 µm when the nearest-resonant tooth is on the blue side of resonance and x 0 = 0 on the red side.
A similar type of stable, laser-driven, large amplitude motion has been reported for an ion illuminated by two colors of cw laser light with one beam red-detuned and the other, weaker beam blue-detuned, and was shown to be a phonon laser [9] . In the case studied here, the ML comb teeth all have nearly the same strength and there are hundreds, as opposed to two frequencies. We present a model suited to these features below that describes the phonon laser behavior that arises.
To model the ion-ML laser interaction, we work with cycle-averaged expressions for the secular energy E ≡ 1 2 mω 2 x x 2 0 , amplitude damping coefficient β(E), and stochastic heating rate S(E) from spontaneous emission and the randomness in absorption. The rate of energy transfer from the optical comb to the ion's motion (the net mechanical amplification power) is given by
The stochastic heating power can be calculated from the total scattering rate, Eq. 3: S(E) = (1 + ζ)
is the geometric factor for dipole emission [17] and x 0 = 2E/mω 2 x . The coherent (i.e. nonstochastic) amplification power is given by −β2E/m = F · v sec (ξ) ξ , which yields the following expression for the amplitude damping coefficient,
In the limit of small oscillations (E → 0), the damping coefficient β changes sign with δ across resonance. If the comb tooth closest to resonance is red-detuned, β > 0 and it can Doppler cool the ion's motion much like a single, cw laser, as shown in Fig. 1(b) . Eq. 4 predicts a steady-state oscillation amplitude of x * 0 = 90 nm for δ = −π/2T r , much smaller than the resolution (≈ 1 µm) of our imaging system. This oscillation energy corresponds to E/k B = 980 µK, less than a factor of two higher than the cw Doppler limit predicted for the same saturation parameter (T D = 530 µK). Thus, even with substantial spontaneous decay between pulses (τ T r ), the comb structure is sufficiently robust that the cooling effect of the nearest tooth is able to overcome the amplification and heating induced by other parts of the spectrum.
When the near-resonant comb tooth is on the blue side of the atomic resonance (δ > 0), for small oscillation amplitude there is net gain for the ion's motion from the laser field (β < 0). This amplification has recently been observed spectroscopically as a line pulling mechanism [18] . Figure 2 shows dE/dt calculated from Eq. 4 for this case. The frequency comb will add energy to the motion of an initially cold ion until the net power transfer vanishes, leading to a steady-state oscillation that can occur with significant amplitude, as shown in Fig. 1(c) .
In fact, multiple roots of the right side of Eq. 4 exist for both signs of δ. Those roots with a negative derivative with respect to E are stable fixed points of this nonlinear differential equation, denoted here with a superscript * (see Fig. 2 ) [19] . Experimentally, we find that stable fixed points persist while the comb teeth are stable in fequency, but if the sign of δ is changed, a new fixed point is reached that is approximately equally likely to be lower or higher in amplitude. By scanning δ, we can regularly load and crystallize ions (including multi-ion crystals) with only the ML laser. Figure 3 shows the experimental signature of multiple fixed point solutions for the oscillation amplitude when the near-resonant tooth is red (upper) or blue (lower) detuned. These integrated fluorescence images resemble the "two-lobe" shape of an image of a classical harmonic oscillator (or coherent state) probability distribution, shown as black curves. The fits (which include convolution with our imaging system point-spread function) are used to extract the oscillation amplitude fixed points with a resolution-limited systematic uncertainty of ±0.5 µm. When the near-resonant tooth is red detuned, we find stable oscillation amplitudes (x * 1 , x * 2 , x * 3 ) = (8.6, 16.9, 25.0) µm, compared to the theoretical prediction of (9.7, 18.4, 27.5) µm from the roots of Eq. 4. For the blue-detuned case, we find (x * 1 , x * 2 , x * 3 ) = (4.9, 12.7, 20.7) µm, with the corresponding predicted values (5.3, 14.0, 22.9) µm (see Fig. 2 ). The measured fixed points agree with the predicted values to about 10%.
We further verified that the system behaves as a phonon laser amplifier by observing acoustic injection locking [10] for each of the first three fixed points (other than the x * 0 ≈ 0 fixed point for δ < 0) for both signs of δ. Using an aperture in the imaging system, ion fluorescence is collected from only one of the classical turning points in space, and the photons are time-tagged [20] . Figure 4 shows a numerical discrete Fourier transform of the recorded photon signal in the region near the secular frequency of the ion (ω y in this case). A narrow peak appears at the frequency of a small sinusoidal voltage that was applied to one of the trap electrodes (the injected signal), and the broad peak is the free-running phonon laser spectrum. When the injected oscillation frequency is within this gain bandwidth of the phonon laser (shown as a broad bump in the orange trace), almost all of the The spatially-filtered frequency spectrum of the ion fluorescence is shown in the presence of a sinusoidal voltage that has been applied to one of the trap electrodes. When the frequency of this voltage is moved from outside (orange) to within (blue) the phonon laser's gain bandwidth, it is amplified at the expense of other frequencies.
gain is dedicated to amplifying the injected signal, and oscillator locks on to the injected signal in frequency and phase.
Both the theoretical model and the observed behavior we report here show that phenomena arising from inter-pulse coherence can still dominate ML-illuminated ion dynamics in the regime where τ < T r . For the system described in Ref. [5] , the probability of excited state decay between consecutive pulses was greater than 98%, but Eq. 2 shows that the limit on tooth visibility imposed by this decay is nonetheless V = 0.27. In this case, our model predicts that stable fixed points will exist, with the lowest fixed point energies lying between 2 mK and 2 K, depending upon δ. This suggests that it is possible comb tooth effects were responsible for the anomalously low temperatures that were observed in that work [5] .
Since blue-detuned comb teeth do not pose an intractable problem for working with trapped ions, optical frequency combs may prove to be useful and robust tools for a variety of currently difficult species. In the case of He + , which is an attractive spectroscopic subject [21] , 1 mW frequency comb light sources may soon become available at λ ≈ 61 nm [22] , and 2-photon transitions could be used for slow Doppler cooling in the limit of low intensity [8] . Direct comb cooling of helium ions may then enable work with 3 He + , the lightest atomic cation with an electron (and therefore the most difficult to sympathetically cool with another ion), where the ground state hyperfine splitting of 8.67 GHz [23] would easily be spanned by a comb for repumping and spectroscopy. We
